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Abstract 
We theoretically study spatial variation of odd-frequency superconducting pairs under an external magnetic field. We consider a 
two dimensional nano-sized superconductor and solve the Eliashberg equation using the finite element method in real space. We 
investigate the effects of several phonon modes, which is important for odd-frequency Cooper pairs. We confirm that odd-
frequency component of the order parameter oscillates and widely exists in the whole system compared to a single phonon mode. 
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1. Introduction 
The property of odd-frequency superconductivity is different from that of conventional superconductivity. Cooper 
pairs consisting of two electrons have a frequency dependence due to the retarded interaction between electrons via 
phonon-mediated attractive interaction. Therefore, anomalous Green’s functions characterizing superconducting 
states depend on frequency as well as on spatial coordinates and spins. It is important to consider the symmetry of 
anomalous Green’s functions from the view point of Fermi-Dirac statistics. The symmetry can be classified into four 
groups, i.e., (i) even-frequency spin-singlet even-parity (ESE), (ii) even-frequency spin-triplet odd-parity (ETO), (iii) 
odd-frequency spin-triplet even-parity (OTE), and (iv) odd-frequency spin-singlet odd-parity (OSO). Originally, 
odd-frequency spin-triplet pair was suggested by Berezinskii in the superfluid 3He [1]. Then, this idea was developed 
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to a spin-singlet pair by Balatsky and Abrahams [2]. Since then, the study of odd-frequency superconductivity has 
been discussed for many systems [3,4,5,6,7]. Matsumoto et al’s [8] showed that since the coupling between the 
Zeeman magnetic field and spins causes the mixture of spin-singlet and spin-triplet, even- and odd-frequency 
superconductivities coexist. In this paper, we focus attention on spectra of phonon and investigate how odd-
frequency pairing is affected by the change in phonons. We solve the Eliashberg equation to treat the odd-frequency 
pairs incorporating the effects of interaction between electron and phonon using the finite element method in real 
space. 
2. Model and Method 
We consider a two dimensional nano-sized superconductor under an external magnetic field. We include 
electron-phonon interaction explicitly to treat the retarded interaction between electrons. The Hamiltonian of this 
system can be written as, 
 
 
where the first term is the Hamiltonian of the electron system having the energy 2 2 2k m PH  k with the 
chemical potential μ. α represents spin indexǤ The second term is the Hamiltonian of the phonon system. The third 
term is the Hamiltonian of the interaction between electrons and phonons. g is a coupling constant for the electron-
phonon interaction. The forth term is the Zeeman term with a magnetic field Hz perpendicular to the superconductor. 
Details were given in Ref. [9]. 
 The superconducting order parameter, which has even- and odd-frequency components, is given as, 
 
 
The first term is the even-frequency spin singlet component and the second term is the odd-frequency spin triplet 
component. Here ( 1, 2,3)i iW   and ( , , )j j x y zV   are Pauli matrices for the particle-hole and spin spaces, 
respectively. The self-energy in Nambu space is given as, 
 
 
 
 
 
 
 
where Ω is the volume of the system,߱n is the Matsubara frequency for fermions and Np is the number of phonon 
sites. ( )i ni
Z Z6  and ( )hi niZ6  are self-energies that renormalize the Matsubara frequency and the Zeeman field, 
respectively.In this study, we consider several phonon modes. Then the Green’s function for phonons is assumed as,
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We represent the Green’s function for electrons with a Nambu space † †( , , , )\ \ \ \n p n p 7 \ . The Green’s function for 
electrons is given as, 
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We expand G and ȭ using area coordinates eiN  to solve the Eliashberg equation by the finite element method 
(FEM). The Eliashberg equation can be written as, 
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We solve Eqs. (6) and (7) simultaneously 
3. Results 
We calculate the spatial variations of the superconducting order parameter under magnetic field using Eqs. (6) 
and (7). In this calculation, we consider a two dimensional system of which size is 5Ɍ0ൈ5Ɍ0, where Ɍ0 is the 
coherence length at T = 0. We set kFɌ0 = 4.0. The frequencies of phonons are taken as, ɘ1/ɘD = 0.8 and ɘ2/ɘD = 0.5, 
where ɘD is the Debye frequency and the interaction constant is taken as, g2Np/ȳോ԰ɘD = 1.0. We show the 
distribution of order parameter of the even-frequency and the odd-frequency components in Fig.1. Vertical axis is 
the value of the order parameter even- and odd-frequency superconductivity. The order parameter is normalized by 
the Debye energy ԰ɘD. We apply the Zeeman magnetic field h = ɊBHz/԰ɘD. Therefore, the odd-frequency spin-
triplet superconductivity is induced by the even-frequency spin-singlet superconductivity. In Fig.1 (a), we show 
even-frequency component of the order parameter for the Matsubara frequency ɘn = െɎT. The even-frequency 
component oscillates and exists in the whole system. In Figs.1 (b) and (c), odd-frequency components for ɘn = െɎT 
and ɘn = ɎT are shown. The amplitude of the odd-frequency component of order parameter oscillates and widely 
appear in the system. Comparing Figs.1 (b) and (c), their structures show just the antisymmetric relation with respect 
to the value of the Matsubara frequencies. 
 
Fig.1. (a) Spatial variation of even-frequency spin-singlet component in magnetic field h = 0.01 at T/Tc = 0.1 for 
L = 5Ɍ0 and ɘn = െɎT.; (b)(c) odd-frequency spin-triplet component in magnetic field h = 0.01 at T/Tc = 0.1 for L = 
5Ɍ0 . The Matsubara frequency is ɘn = െɎT and ɘn = ɎT, respectively. 
 
 
Next, we show the results in case of changing the magnetic field and the temperature. Fig.2 represents the 
frequency dependence of odd-frequency order parameter at center position (x/L = 0.5, y/L = 0.5) in this system. The 
value of order parameter is the odd function of frequency. We choose the parameters which are set h = 0.01, T/Tc = 
0.1 in Fig.2 (a) and h = 0.03, T/Tc = 0.1 in Fig.2 (b) and h = 0.01, T/Tc = 0.3 in Fig.2 (c), respectively. The order 
parameter in Fig.2 (b) is about two and a half times larger that of (a). Therefore, the odd-frequency order parameter 
almost linearly depends on the external field. Comparing Figs.2 (a) and (c), the amplitude of the order parameter is 
slightly smaller because of the number of odd-frequency pairings is reduced when the temperature becomes higher. 
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Figs.2. (a), (b) and (c) show the frequency dependence of odd-frequency order parameter at center position in this 
system. Vertical axis is the value of the order parameter odd-frequency superconductivity. Horizontal axis is the 
Matsubara frequency ɘnǤ The parameters of (a), (b) and (c) are set as, h = 0.01, T/Tc = 0.1 and h = 0.03, T/Tc = 0.1 
and h = 0.01, T/Tc = 0.3, respectively. 
4. Summary 
We calculated how the order parameter of odd-frequency pairing is affected by the change in phonons under a 
magnetic field in nano-sized superconductors. We found that the order parameter of odd-frequency component 
oscillates and widely exists in the whole system compared to a single phonon mode in the previous work [9]. In this 
calculation, we only consider the Zeeman magnetic field, but it is important to examine the magnetic vector 
potential to incorporate the coupling between the magnetic field and the orbital motion of electrons and to calculate 
the physical quantities due to odd-frequency pairings. 
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